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DOMINANT RATIONAL MAPS FROM A VERY GENERAL
HYPERSURFACE IN THE PROJECTIVE SPACE
YONGNAM LEE AND DE-QI ZHANG
Abstract. In this paper we study dominant rational maps from a very general hy-
persurface X of degree at least n + 3 in the projective (n + 1)-space Pn+1 to smooth
projective n-folds Y . Based on Lefschetz theory, Hodge theory, and Cayley-Bacharach
property, we prove that there is no dominant rational map from X to Y unless Y is
uniruled if the degree of the map is a prime number. Furthermore, we prove that Y is
rationally connected when n = 3 and the degree of the map is a prime number.
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1. Introduction
We work over the field C of complex numbers.
To motivate our result, we recall that if X is a smooth projective variety of general
type then dominant rational maps of finite degree X 99K Y from X to smooth varieties
of general type, up to birational equivalence of Y , form a finite set. The proof was given
by Maehara [12] under the assumption of boundedness of pluricanocal maps of varieties
of general type. This boundedness was proved later by Hacon and McKernan [6]. Also
it was shown by Takayama [14], or by Tsuji [15].
If we allow the codomain Y to be uniruled (say rational), then the above finiteness result
is not true since every variety (including this Y ) always has a generically finite map to
a projective space while the latter has self maps of unbounded degree. In this paper,
we assume that the domain X is very general (of large degree) as a hypersurface and
conjecture that the codomain must be rationally connected (which is the generalization
of the rationality notion in higher dimension).
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Precisely, we propose the following conjecture:
Conjecture 1.1. Let Xd ⊂ P
n+1 be a very general hypersurface of degree d ≥ n+ 3. Let
Y be a smooth projective n-fold. Suppose there is a dominant rational map f : Xd 99K Y
with deg f > 1. Then Y is rationally connected.
Here a projective variety is rationally connected in the sense of Campana and Kolla´r-
Miyaoka-Mori, if two general points are connected by a rational curve (cf. [7]). We
consider ‘rational connectedness’ because this assumption fits well with birationality and
the induction argument on the dimension.
Our approach to prove Conjecture 1.1 is to use an inductive argument through the
following conjecture.
Conjecture 1.2. Let Xd ⊂ P
n+1 be a very general hypersurface of degree d ≥ n+ 3. Let
Y be a smooth projective n-fold, which is non-uniruled. Let Hd := Xd ∩ H where H is a
very general hyperplane of Pn+1. Suppose there is a dominant rational map f : Xd 99K Y
with deg f > 1.
Then f |Hd cannot be birational to the image.
The relationship of the two conjectures are given below.
Proposition 1.3. Conjecture 1.1 in dimension ≤ n−1 and Conjecture 1.2 in dimension
n imply Conjecture 1.1 in dimension n.
We are not able to prove the above two conjectures in its full generality. The main result
of this paper is to prove Conjecture 1.2 and to gain a partial result for Conjecture 1.1
when the degree of map is a prime number.
Theorem 1.4. Let Xd ⊂ P
n+1 be a very general hypersurface of degree d ≥ n+ 3. Let Y
be a smooth projective n-fold. Suppose there is a dominant rational map f : Xd 99K Y
such that p := deg f is a prime number. Then:
(1) Y is uniruled.
(2) Let Y 99K Z be a maximal rationally connected (MRC) fibration. Then (2a) or
(2b) below holds.
(2a) Z = pt, i.e., Y is rationally connected.
(2b) 3 ≤ dimZ ≤ n − 1; f |Hd is birational to the image; the composition Hd 99K
f(Hd) 99K Z is a dominant and generically finite map of degree being a composite
number (i.e. neither 1 nor prime,) where Hd := Xd ∩ H1 ∩ · · · ∩ Hs with s =
n− dimZ and Hi very general hyperplanes in P
n+1; and pg(Z) = q(Z) = 0.
(3) If n ≤ 3, then Y is rationally connected.
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When n ≤ 2, Theorem 1.4 (3) is known without assuming deg f is prime (cf. [9]). To
prove the above main theorem, we consider the restriction map f |Hd of f to Hd = Xd ∩H
where H is a very general hyperplane of Pn+1. For Conjecture 1.2, we are able to prove
a special case as follows, which is sufficient for us to deduce Theorem 1.4.
Theorem 1.5. Let Xd be a very general hypersurface of degree d ≥ n + 3 in P
n+1. Let
Y be a smooth projective n-fold, which is non-uniruled. Let Hd := Xd ∩ H where H is a
very general hyperplane of Pn+1. Suppose there is a dominant rational map f : Xd 99K Y
such that p := deg f is prime.
Then f |Hd is a rational map of degree equal to deg f = p.
We remark that a projective variety Y is non-uniruled if its Kodaira dimension κ(Y ) ≥
0. The converse is true if the abundance conjecture is true. The abundance conjecture is
known when dimY ≤ 3 (cf. [8, 3.13]).
Several papers treat dominant rational maps from surfaces [1], [2], [5], [9], [10], [11].
However, to the best of our knowledge, the current paper treats the first examples of
fields of transcendence degree n of a non-uniruled n-fold for n ≥ 3. This could have
applications to field theory and to absolute Galois theory.
The method of proof combines Hodge theory, Lefschetz theory, and some birational
geometry.
By Hodge theory (as Section 3.5 in [5]) one has only to consider dominant rational
maps f : X 99K Y where Y is simply connected and without holomorphic global n-forms,
that is pg(Y ) = 0. Then the points of the general fiber of f are in Cayley-Bacharach
position with respect to O(d − n − 2) (cf. [5]). Hence we have p ≥ d − n. Then by
inspecting the ramification divisor of f we get a contradiction if Y is non-uniruled and
f |Hd is birational to the image.
The method presented here can be used to obtain similar results for a very general
families of n-folds of general type. It is not clear at the moment how to treat the cases
where the Kodaira dimension satisfies 0 ≤ κ(X) ≤ n − 1. For instance, a different
approach is needed to treat the case where X is a very general quintic threefold in P4.
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2. Proof of Theorems 1.5 and 1.4, and Proposition 1.3
To prove Theorem 1.5, we start with:
Lemma 2.1. With the notation and assumption as in Conjecture 1.2 and for general t,
setting HY (t) := f(H(t)), the Zariski closure of f |domain(f)(H(t)), we have:
(1) The degree of f |Hd divides the degree of f : Xd 99K Y .
(2) For general t, HY (t) are linearly equivalent to each other.
(3) The HY (t) move in a linear pencil parametrized by a polynomial function g(t) of
degree equal to deg(f)/ deg(f |Hd) in t.
Proof. Choose a special Lefschetz pencil |H(t)| (t ∈ P1) ofXd, withH(t) ∼ Hd; (Lefschetz
pencil means that every member is reduced and irreducible and has at most one node)
such that:
(i) There is a maximal common integer r ≥ 1 such that the push-forward f∗H(t) =
rf(H(t)) for general memberH(t) of the pencil; indeed, r = deg(C(H(t))/C(f(H(t)))
= deg f |Hd.
(ii) The base locus of |H(t)| intersects the indeterminacy locus of f at a closed set of
dimension ≤ n− 4 (where n = dimX = dimY ).
(iii) The base locus of |H(t)| is an irreducible smooth projective (n− 2)-fold, and the
Zariski closure of f |domain(f)-image of this base locus is an (n− 2)-fold in Y .
Note that f∗(H(t)) = rf(H(t)) = rHY (t), for general t, are all linearly equivalent to
each other. Take rHY (t), for two general t, which are linearly equivalent and hence form
a pencil. Take the Stein factorization of this pencil, so that the new pencil has general
fibre irreducible and these two HY (t) are fibres of this new pencil. The new pencil is
parametrized by a curve whose genus is upper-bounded by h1(Xd,O) (= h
1(Pn+1,O) = 0,
by a weaker form of Lefschetz hyperplane section theorem), i.e., by the smooth rational
curve P1. Thus all fibres of this new pencil are linearly equivalent. This proves the first
part of Lemma 2.1 (2).
Let
H(0) = div(h1), H(∞) = div(h2)
be two very general members of the pencil |H(t)| on Xd, let
H(t) = div(h1 + th2) = div(h2(h1/h2 + t))
be a general member of the same pencil, and let
HY (t) = f(H(t)) = div(g), f(H(∞)) = div(h
′
2);
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here hj (resp. g, h
′
2) are (locally) rational functions on X (resp. Y ). Since f∗H(t
′) =
rf(H(t′)) for general members H(t′) in the pencil |H(t)|, we have
div(h′2)
r = rf(H(∞)) = f∗H(∞) = div(Norm(h2)),
div gr = rHY (t) = f∗H(t) = div(Norm(h2) Norm(h1/h2+t)) = div((h
′
2)
r Norm(h1/h2+t))
where Norm(·) is the norm function for the field extension C(Y ) ⊂ C(Xd). Thus g
r =
(h′2)
r Norm(h1/h2 + t), or
(†) Norm(h1/h2 + t) = (g/h
′
2)
r
after adjusting one defining equation, say h′2 by an r-th power of a constant, since the
projective variety Xd has only constant global function in C. Since the rational function
(on Y ) of LHS of (†) is (locally) a polynomial function in t of degree equal to deg f , so
is RHS of (†). Thus the rational function g/h′2 on Y is (locally) a polynomial function in
t of degree equal to deg(f)/r = deg(f)/ deg(f |Hd). This proves Lemma 2.1 (1) and also
(3), noting that
HY (t) = div(g) = div(h
′
2) + div(g/h
′
2) = f(H(∞))) + div(g/h
′
2).

We now prove Theorem 1.5.
From the proof of Lemma 2.1, for general t, the image HY (t) = f(H(t)) = div(g(t))
moves in a family parametrized by a polynomial in t of degree equal to deg(f)/ deg(f |Hd).
Blowing up indeterminacy, via
V → Xd, W → Y
so that
fVW : V →W
is a birational morphisms between smooth projective varieties, and we have two fibrations
(with irreducible general fibres):
V → BV
parametrizing (the strict transform of) H(t) = div(h1 + th2), and
W → BW
parametrizing (the strict transform of) HY (t) = f(H(t)) = div(g(t)), for general t. More
precisely, the two fibrations are obtained by taking the graphs of the two parametrizations
for general t which is followed by taking projective resolutions; here BV and BW are
smooth projective rational curves, because the genus g(BV ) ≤ h
1(V,O) = h1(Xd,O) = 0
and the genus g(BW ) ≤ h
1(W,O) ≤ h1(V,O) = 0 (or because Lemma 2.1 says that the
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parametrizations are induced by two linear pencils). Thus the two fibrations are (free)
linear pencils. We have a finite morphism
pi : BV → BW
whose degree is equal to the degree of the polynomial g(t) in t. Hence
deg(pi : BV → BW ) = deg(g(t)) = deg(f)/ deg(f |Hd).
By the construction, the composition V → BV → BW coincides with the composition
V → W → BW . Thus we have a generically finite surjective morphism from V to the
normalization W ×BW BV of the fiber product W ×BW BV so that the composition
(*) V →W ×BW BV →W
is just the morphism fVW : V →W , and the composition
V →W ×BW BV → BV
is just the free pencil morphism V → BV . From the composition map (∗), we see
(**) deg(V →W ×BW BV ) = deg(fVW )/ deg(BV /BW ) = deg f |Hd.
We can be more precise on the construction of V → Xd andW → Y , so that we can do
the calculations in Step 4 below. Indeed, let V1 → Xd be the blowup of the indeterminacy
of the rational map f : Xd 99K Y . Let V → V1 be the blowup of the base locus of the
pencil on V1 which is the pullback of |H(t)|, so that we get the free pencil V → BV ∼= P
1
above.
Recall that H(0), H(∞) are two very general members of the pencil |H(t)| on Xd.
Clearly, the base locus of the pencil |HY (t)| contains f(D) where
D := H(0) ∩H(∞);
here f(D) is defined as the Zariski closure of the image of D under f |domain(f). We write
the base locus of the pencil |HY (t)| as
DY := f(D) ∪ (some other base locus).
The birational morphism W → Y is to resolve the base locus of the pencil |HY (t)| in
order to produce the free pencil W → BW ∼= P
1 above, and also a birationally P1-bundle
which is a prime divisor of W (the last exceptional prime divisor of the composition
W → Y of blowups) so that a general fiber CW of the birational P
1-bundle is a multi-
section of the pencilW → BW , and that CW meets only the “main” irreducible component
of each fiber of W → BW which is the proper transform of some HY (t) and no other
component of the same fiber. Such a choice of CW is possible. Indeed, via a birational
morphism V → Xd above, the generically finite dominant rational map f : Xd 99K Y
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induces a (generically finite and surjective) morphism fVW : V → W above. Take a
cross-section CV of the free pencil V → BV dominating CW , which lies over a general
point P in the base locus D of the pencil |H(t)| on Xd. Then CW lies over a general point
Q ∈ f(D) ⊆ DY which is away from the irreducible components of the base locus DY of
the pencil |HY (t)| on Y other than the irreducible component f(D). Now CV (and hence
CW ) meets only the “main” irreducible component of each fiber Vb′ of V → BV (resp.
Wb′′ of W → BW ) which is a proper transform of some H(t) (resp. HY (t)).
We note that if r = deg(f |Hd), then (fVW )∗(Vb′) ∼ rWb′′ .
Since both V → BV and W → BW have connected fibres, by (∗), f
−1
VW splits a general
fiber Wb2 of W → BW to deg(pi : BV → BW ) of fibers Vb1 of V → BV (whose “main”
irreducible components are proper transforms of members of |H(t)|), we get
deg f = deg(fVW : V →W ) = (deg pi) deg(fVW |Vb1 ) = (deg pi) deg(f |Hd)
which we have seen before.
We need a few more steps to conclude Theorem 1.5. Now we assume deg(f) = p is a
prime number.
Step 1. By Lemma 2.1, we may and will suppose the contrary that f |Hd : Hd 99K f(Hd)
is a birational map, and will deduce a contradiction late on (thus concluding the proof
of the theorem). Hence, by (∗∗), the morphism V →W ×BW BV is birational, and
p = deg(f : Xd 99K Y ) = deg fVW = deg(W ×BW BV →W ) = deg(pi : BV → BW ).
Step 2. Let Vb1 (resp. Wb2) be a general fiber of V → BV (resp. W → BW ) over a
general point b1 ∈ BV (resp. b2 ∈ BW ). Then
f ∗VWWb2 ∼ pVb1 .
Now we calculate: 1 = CV .Vb1 , and by the projection formula,
p = CV .f
∗
VWWb2 = f∗CV .Wb2 = deg(CV /CW )CW .Wb2 .
So p being prime implies CW .Wb2 ∈ {1, p}. For an arbitrary fiber Wb′′ of W → BW , by
the choice, our CW meets only the “main” irreducible component, called W
m
b′′ , of the fiber
which is the proper transform of a member of the pencil |HY (t)|, and which is the image
of the “main” irreducible component, called V mb′ , of a fiber Vb′ of V → BV (a proper
transform of a member of the pencil |H(t)| on Xd). Since CW .Wb′′ = CW .Wb2 ∈ {1, p},
the coefficient of Wmb′′ in the fiber Wb′′ is in {1, p}.
Step 3. Since pi : P1 ∼= BV → BW ∼= P
1 has degree p, the ramification divisor Rpi has
degRpi = 2p− 2. If pi has two totally ramified points with (maximal) ramification index
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p, then BV → BW is p-cyclic Galois, so
G := Z/pZ = Gal(BV /BW ) = Gal(C(V )/C(W ))
acts birationally on V . Note that Xd is the canonical model of V : the map V → Xd is
birational, Xd has only canonical singularities (indeed smooth) and, by the adjunction,
the canonical line bundle
O(KXd) = OPn+1(d− n− 2)|Xd
is ample. Hence G acts on Xd biregularly, since the canonical model of V (which is Xd) is
unique. Hence Aut(Xd) ⊇ Z/(p), contradicting that Aut(Xd) = (1) by Matsumura and
Monsky [13], since Xd is a very general hypersurface of degree d ≥ n+ 3 in P
n+1.
Step 4. Thus we may assume that pi : BV → BW has at most one totally ramified point.
So we may assume that the ramification divisor (of pi)
Rpi =
∑
(si − 1)Pi + (others)
where si is the ramification index of pi at a point Pi ∈ BV over the pointQi := pi(Pi) ∈ BW ,
with si < p, and ∑
(si − 1) ≥ (2p− 2)− (p− 1) = p− 1.
Let mi be the coefficient of the main irreducible component in the fiber WQi, which is in
{1, p}; thus gcd(si, mi) = 1. So locally, over the main irreducible component of the fiber
WQi of W → BW , the normalization W ×BW BV (around its fiber over Pi ∈ BV ) is just
the normalization of the hypersurface
vsi = tmii
with ti the local coordinate of Qi ∈ BW . Thus the main irreducible component of the
fiber VPi has coefficient si − 1 in the ramification divisor RfV W of fVW : V →W .
Let τ : V → Xd be the natural birational morphism. Write
KV = f
∗
VWKW +RfV W .
Since Y is non-uniruled, so is its birational modelW . Hence KW is pseudo-effective. Now
KXd = τ∗(f
∗
VWKW +RfV W ) ≥
∑
(si − 1)Hd + τ∗(f
∗
VWKW )
since RfV W contains the sum of (si − 1) of the main irreducible component of the fiber
VPi which is the proper transform of some member in the pencil |H(t)| (t ∈ P
1). Since
the Picard number ρ(Xd) = 1, the pseudo-effective divisor τ∗(f
∗
VWKW ) ∼Q bHd for some
b ≥ 0. Since
∑
(si − 1) ≥ p− 1, we have
KXd ≥ (p− 1 + b)Hd ≥ (p− 1)Hd.
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On the other hand, KXd = (d− n− 2)Hd. Thus d− n− 2 ≥ p− 1. Hence p ≤ d− n− 1.
Step 5. Hodge and Lefschetz theoretical argument (cf. [5, Proposition 3.5.2]) implies
pg(Y ) = 0. Then we have similar results below as Proposition 3.3.1 and Lemma 3.2.1 in
[5] by using Proposition 2.1 in [3].
Proposition 2.2. Let Xd be a smooth hypersurface in P
n+1 of degree d, and Y a smooth
n-fold with pg(Y ) = 0. Let f : Xd 99K Y be a generically finite rational map of degree p.
Then the points of the general fiber of f are in Cayley-Bacharach position with respect to
O(d− n− 2). And we have p ≥ d− n.
The inequality in Proposition 2.2 contradicts the inequality p ≤ d − n − 1 in Step 4.
This proves Theorem 1.5.
Proof of Theorem 1.4
Proof. We prove by induction on n. Theorem 1.4 (3) and hence the whole Theorem 1.4
is known when n ≤ 2, without assuming deg f being prime (cf. [9]). So we assume
n = dimXd = dimY ≥ 3.
We have only to prove the assertions (1), and (2) (which implies the assertion (3)). Let
f : Xd 99K Y be generically finite between n-folds as in the statement. Let Hd = Xd ∩H
with H ⊂ Pn+1 a very general hyperplane.
Let Y 99K Z be a maximal rationally connected (MRC) fibration where Z is smooth
and non-uniruled (cf. [4]). Let
Hd = Xd ∩H1 ∩ · · · ∩Hs
with s = n− dimZ and Hi very general hyperplanes in P
n+1.
If Y is non-uniruled, by Theorem 1.5, deg f |Hd = deg f = p, a prime number. Then, by
induction, f(Hd) ⊂ Y is uniruled for general Hd, so Y is uniruled. This is a contradiction.
Thus Y is uniruled; we may also assume Y is not rationally connected. Hence 1 ≤
dimZ ≤ dimY − 1 = n− 1.
Note that the composition
Hd = Xd ∩H1 ∩ · · · ∩Hs 99K f(Hd) 99K Z
is a dominant and generically finite map. Thus q(Z) ≤ q(Hd) = q(Xd) = 0.
If dimZ = 1, then q(Z) = 0 implies that Z ∼= P1, contradicting that Z is non-uniruled.
So dimZ ≥ 2.
If deg(fHd) is a prime number then Z is uniruled by induction, which is contradiction.
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Suppose deg(fHd) is a composite number. Then Theorem 1.4 (2) holds. Indeed, if
dimZ = 2, then by Theorem 1.1 in [9], Z is rational which is a contradiction. So
suppose further 3 ≤ dimZ ≤ n− 1. The Hodge theory implies pg(Z) = h
dimZ(Z,O) = 0
(cf. Section 3.5 in [5]) because we have a dominant rational map from a very general
hypersurface of degree d ≥ n+ 3 in PdimZ+1 to Z where dimZ ≤ n− 1.
Suppose deg(fHd) = 1. Then both
Xd ∩H1 ∩ · · · ∩Hk, Xd ∩H
′
1 ∩ · · · ∩H
′
k
with all Hi, H
′
i very general hyperplanes in P
n+1, are of general type (by adjunction), are
birational to each other (and indeed to the same Z since deg(fHd) = 1), and are also
the canonical model of Z: both have only canonical singularities (indeed smooth) and
ample canonical divisors, so they are isomorphic to each other, by the uniqueness of the
canonical model of Z. This is absurd.
This completes the proof of Theorem 1.4. 
Proof of Proposition 1.3
Proof. Let f : Xd 99K Y be as in Conjecture 1.1 where dimXd = n. Let Y 99K Z be
a maximal rationally connected fibration (MRC) in the sense of Campana and Kolla´r-
Miyaoka-Mori (cf. [7]), where Z is smooth and non-uniruled (cf. [4]).
If Y is non-uniruled, Conjecture 1.2 in dimension n and Conjecture 1.1 in dimension
n− 1 imply that the f -images in Y of the Hd, which cover Y , are rationally connected;
thus Y is uniruled, a contradiction.
Hence Y is uniruled. So dimZ < dimY = dimX = n and Z is non-uniruled. With the
notation in the proof of Theorem 1.4, the composition map Hd = Xd ∩H1 ∩ · · · ∩Hs 99K
f(Hd) 99K Z is a dominant and generically finite map. Since the domain of this map
varies in a non-trivial family by varying the Hj , the same reasoning of the ending part of
the proof of Theorem 1.4 implies that this map is of degree ≥ 2. Hence Z is rationally
connected by Conjecture 1.1 in dimension equal to dimZ < dimX = n. So Z, being
non-uniruled, is a point. Equivalently, Y is rationally connected.
This proves Proposition 1.3. 
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